Chapter 2. The strong Markov property

Hereafter, we always consider time-homogeneous transition probabilities p, , on a finite or countable state space
S (although most of the ideas generalize to a rather general state space S). X = (X, Xy, ...) denotes the Markov
chain, and P, the probability measure when X starts with distribution u, Xy ~ p. B (S) is the space of bounded
measurable functions f: S — R and (S) is the space of probability measures on S.

We will think that the transition probabilities p, , are fixed once and for all. We then define the space D(S) of
sequences (z;) in S, such that Pe,;,, > Oforallz > 0. Finally recall that P is the Markov operator Pf(x) :=

E, [ (X))

In this chapter we aim to formalize some intuitive properties of a Markov chain. For instance, conditioning on the
intermediate times we have for f € B(.5)

E,[f(X)] = (P f) ()
and for t > s, regardless of u € P(S)
[E,u[f<Xt> | Xs = .T] = (Pt_sf><x)

or say, for f € B(S5)
[Eu[f<Xt7Xt+1> | X, =2] = [Ex[f<Xt757ths+1)]

In this chapter we see how to properly write these kinds of properties and many others in a general framework.

The (homogeneous) Markov property

First, we introduce the time shift operator ¢,, fort > 0

0,: D(S) — D(S) o
<0tx)s = Xt+s

Proposition 0.1 (Homogeneous Markov property). Let X be a homogeneous Markov chain. Then for s > 0 and for all
bounded measurable functions F': D(S) — R

[E,LL[F<93X> ‘ Xs = .I'] = [E,u[F(HsX) ’ XO = Ty, - 7Xs—1 = xs—l?‘Xs = ZC] = [Ea?[F(X>]

In other words, conditionalon X, = x, the sequence (X, X, 1, ...) isa Markov chain starting at x, with the same transition
probabilities as X, and independent of (X, ..., X;_1)-

Exercise 0.1. Proposition 0.1 may sound abstract, but it is a rather obvious statement. Use the previous example
about the random walker, to make a trivial example of this statement. Take the transition probabilities p,, , homo-
geneous, and let f(x,y) be the price of the flight from town z to town y. Let F'(X) be the cost paid for the first 10
flights. What does the proposition say?
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Proposition 0.1. With no loss of generality, to keep the notation explicit, we can assume that /' depends on finitely
many coordinates F'(X) = F'(X,, X;, X,, ..., X,), since measurable functions of D(.5) are limit of such functions.
By linearity in F), it is enough to prove the equality for indicator functions, namely for F'(X,, X1, X5, ..., X;) =
1, (Xo)1, (X;)-1, (X,)for some z, ..., z, € S. Then for suchan F’

[E/,L[F<98X> ’ XO — x(), ""X871 — .fljsil,Xs — Zl’,‘] — [P},L<XS — ZO7XS+1 — Z].?'"7X8+t — Zt ‘ XO - x0,7X
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Stopping times

Definition 0.1 (Stopping times). A map 7: @ — N U {oo} is called a stopping time if, for each ¢t > 0, the value
{r =t} is determined by (X, ..., X;). Thatis if 1, is a (measurable) function of (X, X, ..., X;).

Remark. Notice that, since {7 = t} = {7 < t} \ {7 < t — 1}, it is equivalent to say that 7 is a stopping time if
{r <t} is determined by (X1, ..., X;).
For instance, for A C .9, the hitting time (discussed more accurately in the next chapter) of the set A

T, =inf{t >0 : X, € A}
is a stopping time: {7, =t} = {X, ¢ A,... X, ; ¢ A, X, € A}. However 7, — 1 is not (in general) a stopping
time, since 74, — 1 = ¢ depends on X, ;.
Exercise 0.2. Let 7{ :=inf{t > 1 : X, € A} be the first return time to A. Check that 7| is a stopping time.

Let&, :=sup{t > 0 : X, € A} be the time of the last visit in A. Check that £ , is not, in general, a stopping time.

Exercise 0.3. Let TI(AO) =0,andfork >1

7'1(4k> := inf{t > 7_1(41@—1) : X, € A}

be the k-th time the process visits A. Is T1(4k) a stopping time?

The Strong Markov Property

Theorem 0.1 (Strong Markov property). Let o be a finite stopping time: P(o < oo) = 1. Then a stronger version of the
Markov property holds: for all bounded measurable functions F': D(S) — R.

[EM[F(HO'X) | (Xr>r§0] = [EXL7 [F(X)]

In particular

EF(0,X) | X, = 2] = E,[F(X)]

ul
In other words, conditional on X, = x, (X,, X, 1,...) is a Markov chain starting at x, independent of X, ..., X _,,
and with the same transition probabilities as X.

1=

S-
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Proof. Forall (xy,xq,...) € D(S)andz € S

Z:i() [E;L[F<9tx>lozthozwo,...,thx]
Z:ZO [E,u[lazthO:mO,...,Xt:ac]

Y EIFOX)0 =t Xy =z, .., X, = 2]P

g

t=0 M M(U == t,XO = Xy - aXt =

Z;ZO [P“(cr =t,Xy=2g,....X; =)

where we understand E[F'|A]P(A) = 0 whenever P(A) = 0. Since o is a stopping time, {c = ¢} only depends on
(Xg, ..., X;). Thus by the Markov Property

E,[F(0X)|o =1 X, =2¢,..., X, = 2] = E,[F(X)]

from which we easily conclude, plugging the last equality in the above formula. O

The trace of a Markov chain
Let A C S. Suppose that we can only observe the Markov Chain inside A, namely we define

Y, = XT(ZH) (2)
with TX) defined in Exercise 0.3.

The Markov chain Y is called the trace of X on A.

Proposition 0.2 (Trace of a Markov Chain). If [P(TX) < o0) = 1forallt > 1, the processY = (Y, Yy, ...) defined in
Equation 2 is a Markov chain with transition probabilities q, ,, = P, (X1 = y), where Ty =inf{t >1: X, € A}is
the stopping time defined in Exercise 0.2.

Proof. Fort > 0,y,yg,...,Y: € A

PV = | Yo =toro s Yo = ) = P(X 0 = 9 | X0 = Yoy s Xt = 33)

However:
. (s) . . . .
a. Since the 7, are stopping times, 1y _, v . —, isa function of (X, ..., erj“)>’
TA TA
b. Wehavely _, = 97(£+1>1)(T+ —y
‘I'A A

We can therefore apply the Strong Markov property to the function F/(X) = 1y _, to obtain
TA

[P(}fprl =y | 5/0 =Yg, - ,Yt = yt) = [E[QTE:H)IXTJA:?J | XTEaxU =Yg, - ’XT(;H) = yt] = [Eyt[lX +:y]
which is the claim. ]

Example 0.1. Each 30 minutes, the cat can either eat, sleep, or play outside. Each action influences the probability
of the action to execute next: p, ;, = 0.7,p. , = 0.3,p, ; = 0.9, p, . = 0.1 and p,, . = 1 since the cat is tired after
playing.

We take note of what the cat is doing every 30 minutes, but we forget about it if we do not see the cat (namely
if it’s playing outside). So our notes will only have two states A = {s,e}. The random sequence of our notes,
e.g. (s,s,s,e,¢,s,...) is stilla Markov chain with p, , = 0.3, p, , = 0.7, p, , = 0.9, p, , = 0.1.



Exercise 0.4. An algorithm that does not change state is just a waste of computing resources. Suppose X is a Markov

chain where p, , > 0 for some x butp, , < 1forall z.

+ Define Y corresponding to the idea that Y should skip all the time ticks where X does not change its position.
« Prove that Y is a Markov chain.

@ Solution

Define 7y = 0and 7, :=inf{s > 7, : X, # XTt}. T, is a stopping time and by the Strong Markov Property
P(Yi =ylYy =2¢, Yoy =24, Y, =2) = ”D(XTM = y‘XTO = Lo, ---Xrt =)= <X’7‘t+1 =ylX, =

and the transition probabilities of Y are given by ¢, , :=p, ,/(1 —p, ) forz # yand g, , = 0.
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