Measure Theory

This appendix provides a concise overview of the key concepts and results from Measure Theory, it covers more
than actually used throughout the book. Some proofs are sketched, especially long but simple points are stated
with little details. In this case however precise references are given. We refer to the excellent (Bogachev 2007) for a
comprehensive treatment of measure theory.

Measure Spaces

@ Takeaway of Section

The concepts of measure, volume, perimeter, area, probability and so on, are mathematically formalized by a
triple (2, F, ). € corresponds to the space where we want to measure, it can be any non-empty set. J is the
actual family of subsets of {2 that we want to measure, the so called measurable events. & should satisfy some
intuitive conditions (e.g if we can measure the occurrence of A and B, we can measure the non-occurrence of
A orthe occurrence of AUB). y is the actual measure (or volume, probability etc.), so it is a map that associates
to each measurable set A € F, a number yi(A). The basic property is that (A U B) = pu(A) + u(B).

There are two problems to keep in mind:

« We want u(A U B) = u(A) + p(B) to hold also for infinite (countable) sums and unions. Because in
Math people like to take limits.

« We want to identify measures without the need to specify their values on each measurable set. For in-
stance, on the real numbers, we can decide that the length of an intervals (a, b is b — a, and that should
be enough to characterize the way we measure lengths on R.

These two problems complicate matters a bit. In this section we give some basic definitions and results to
tackle those problems later.

Sigma-Algebras and Measurable Spaces

Just as topologies provides a rigorous framework for concepts like proximity and convergence, o-algebras and fil-
trations formalize the notions of available information and measurability.

Definition 0.1 (Pi-System). A collection P of subsets of a set {2 is a -system if it satisfies

1. P is non-empty.
2. ForA,Be P,ANB¢c ?.

A collection P of subsets of a set () is a quasi 7-system, or qr-system for short, if it satisfies

1. P is non-empty.
2. For A, B € P, there exists finitely many pairwise disjoint C1, ..., C,, € P suchthat AN B = U,C;.
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Definition 0.2 (Lambda-System). A collection £ of subsets of a set {2 is a A-system if it satisfies the following prop-
erties:

L el

2. If A € £, then A° € £ (closed under complementation).

3. If (A,,)52 is a sequence of pairwise disjoint sets in £, then U:D:l A,, € £ (closed under countable disjoint
unions).

Definition 0.3 (sigma-algebra). A o-algebra on a set (2 is a collection F of subsets of {2 that is both a qm-system and
A-system. Equivalently it satisfies:

L0ed.
2. If A € F,then A° € F (closed under complementation).
3. If (A4,,)2° is a sequence of sets in F, then Uzozl A, € J (closed under countable unions).

A measurable space is a pair ({2, F ), where (2 is a non-empty set and 7 is a o-algebra on ).

Remark. The intersection of any collection of o-algebras (respectively m-systems, A-systems) on (2 is also a o-algebra
(respectively a -system, a A-system). This allows us to define the o-algebra generated by a family of sets €, denoted
by 0(C), as the weakest (also called coarsest or smallest) o-algebra containing € (as well as the 7-system and the A-
system generated by ). Itis the intersection of all o-algebras containing €. More generally, by the weakest o-algebra
such that a given property holds we mean the intersection of all such o-algebras.

Example 0.1 (Trivial and Discrete sigma-algebras). For any set {2, the power set (the set of all subsets of 2) is a
o-algebra, called the discrete o-algebra. This is the strongest (maximal) o-algebra on {2.

The collection {{), 2} is also a o-algebra, called the trivial o-algebra. This is the weakest o-algebra on (2.

Example 0.2 (Borel sigma-algebras). If (€2, 7) is a topological space, the o-algebra (7 ) generated by the open sets
(equivalently the closed sets) is called the Borel o-algebra. Its elements are called Borel sets or Borelians. When 7
is understood, the Borel o-algebra is often denoted o (£2). This is usually the case on Euclidean spaces, so that o(R)
denotes the Borel o-algebra generated by the standard topology on R.

If (Q2, T) is a second-countable topological space, and B is a base of the topology T, then the Borel o-algebra coincides
with the one generated by B, o(T) = o(B). For instance, on R the Borel o-algebra is generated by intervals.

Example 0.3 (Classes of intervals). If 2 = R, intervals of the form (a, b] form a m-system. The same can be said for
open or closed intervals, or intervals of the form [a, b). Similar statements hold for rectangles in R?.

If ) = S*, the class of closed arcs of €2 is a qm-system but not a 7-system. As opposed to the case ) = R, the
intersection of two arcs can be a union of two arcs.

Theorem 0.1 (Pi-Lambda Theorem). If P is a qm-system and £ is a A-system such that P C £, then o(P) C L. In other
words, the weakest o-algebra and the weakest \-system generated by a gm-system coincide.

Theorem 0.1. With no loss of generality, we can assume £ to be the weakest A\-system containing P. For A € £
define
Ly ={BCQ:ANBe L}

Notice thatfor A € £
cDe Ly

- IfBe £,,then AN B = (A°U(ANB))° € £. Namely £ is closed under complementation.
« £ 4 is closed under countable disjoint union, since A N (U, B;) = U,(A N B,).



« If B € P,then AN B € £ as afinite disjoint union of elements of P C £.

Therefore £ 4 is a A\-system containing P, and by the minimality of £, we conclude £ 4, D £. Which in turns means
that, for A, B € £, itholds AN B € L. In other words £ is a w-system and a A-system, and thus a o-algebra. [

Sometimes it is convenient to use algebras and monotone classes instead of o-algebras, m-systems and A-systems.

Definition 0.4 (Algebra). A collection A of subsets of a set () is an algebra (or field) if it satisfies the following
properties:

1. Qe A.
2. If A € A, then A° € A (closed under complementation).
3. If A, B € A,then AU B € A (closed under finite unions).

Definition 0.5 (Monotone Class). A collection M of subsets of a set () is a monotone class if it satisfies the following
properties:

1. If (A,,)o°  is an increasing sequence of sets in M (i.e., A; C A, C A3 C ...), then Uiozl A, € M (closed
under countable increasing unions).

2. If (B,,)2, is a decreasing sequence of sets in M (i.e.,, By D By D By D ...), then ﬂzozl B, € M (closed
under countable decreasing intersections).

Theorem 0.2 (Monotone Class Theorem). Let A be an algebra of subsets of a set (). Let M be a monotone class of subsets
of L.IfA C M, theno(A) C M.

Theorem 0.2. With no loss of generality, assume that M is the minimal monotone class containing .A. We will prove
that M is a o-algebra.

For A e M,let My ={B CQ:ANB e M,B e M}. ltis straightforward to verify that M , is a monotone
class containing A. Thus M 4, D M, which in particular implies that M is a 7-system. But a monotone class which
is also a w-system is a o-algebra, as can be easily checked. O

Classes of Measurable Spaces

In this section we review a few properties that define “well-behaved” classes of measurable spaces. This can be
viewed as a measurable equivalence of the various regularity properties for topological spaces.

Definition 0.6 (Atoms). In a measurable space ({2, 5 ), the atoms are the elements of F obtained as equivalence
classes of the equivalence relation on §2: © ~ y if and only if

Ly(z) =14(y) VAeT

Definition 0.7 (Hausdorff and Separable spaces). The measurable space (2, F) is called:

+ Hausdorff if all atoms are singletons (points of €2).

« Separable if F is generated by a countable collection of sets of 2.

Example 0.4. R with the Borel o-algebra is Hausdorff and separable.

As a counterexample to the Hausdorff property, consider the space 0 = {a,b,c} with the o-algebra F =
{0,{a},{b, c},Q}. This space is not Hausdorff because the atoms are {a} and {b, c}.

As a counterexample to the separability, an uncountable space with the discrete o-algebra is not separable.



Example 0.5. If (2, ) is Hausdorff (topological sense), the Borelian measurable space (£2, (7)) is Hausdorff (mea-
surable sense).

Measurable Functions

Definition 0.8 (Measurable Function). Let (2,, 5 ) and (2,5, F 5) be measurable spaces. A function f : ; — 2,
is called measurable (or 7 | /F ,-measurable) if for every A € F ,, the preimage f1(A4) = {w € Q; : f(w) € A}
isin 7 ;.

Proposition 0.1. Let (2,5 ) and (Qy, F ) be measurable spaces, and let C be a collection of subsets in (), such that
F o =0(C). Then f is &,/ F ,-measurable if and only if:

ffYUEye F,, VEeC

Proposition 0.1. Set operations are natural under pull-backs (thatis a difficult way to say that f 1 (ENF) = f~1(E)N
f7Y(F), and similar properties for the elementary set operations). Therefore it is easy to check that F := {E C
Q, : fY(E) € F,}isaoc-algebra. Since it contains C, it contains F 5, namely f is F; /F ,-measurable. O

If (Q2,, F 5) is a measurable spaces, a collection of functions & C le, induces on 2, a o-algebra & := o(F) =
{f7Y(A): f € F,A € F,}: the weakest o-algebra such that all functions in J are measurable.

Remark. Checking functions measurability can be a daunting (and somehow boring) task. Some standard ways to
easily determine that a function is measurable are:

+ The composition of measurable functions is measurable (trivially).

+ Continuous functions between topological spaces are measurable with respect to the respective Borel
o-algebras (from Proposition 0.1).

« Let f,,: 2 = R U —o0 U 400 be a sequence of Borel measurable functions. The pointwise supremum and
infimum of f,, is also measurable (intervals (—o0, c| generate the Borel o-algebra and {sup_f, < c} =

N, {f, < c}). In particular, lim,, f,, and lim = f, are measurable.

Nontrivial examples

In general measurability issues do not receive much love in the world of Mathematics, since they are either trivial
or artificial. There are of course exceptions.

A typical measurability problem is the following, which arises in optimization theory: for each “random” outcome
w € (2, we have several optimal strategies A, C E. Can we measurably sample an optimal strategy? Namely, can we
find a measurablemap f:  — E'suchthat f(w) € A, forw € Q? Measurability here is crucial, since it is a minimal
requirement to practically construct the function. If we have no further information, we can only assume the axiom
of choice, which will give us the existence of an optimal f(w) € E with f(w) € A,,. However, the axiom of choice
is the standard way to define non-constructive objects, and typically non-measurable. This approach has no interest
in the optimization framework. A more interesting (measurable) result is due to Kuratowski and Ryll-Nardzewski,
and features many variants, see (Bogachev 2007, Theorem 6.9.3).

Theorem 0.3 (Kuratowski and Ryll-Nardzewski Selection). Let (€2, &) be a measurable space and (E, &) be Polish space,
where & is the Borel o-algebra. Suppose that we have amap 2 3 w +— A, € & such that

« A, is a non-empty closed set of E, for allw € 0.
c{weQ:A,NO =0} € F forall O open in E (weak measurability of A ).



Then there exists a measurable map f: Q0 — FE such that f(w) € A, forallw € Q.

Another example concerns the following problem. Let (F, &) be a measurable space and {2 non-empty. A function
f: Q0 — FE defines a o-algebra on (), let’s call it F, defined as the weakest o-algebra such that f is measurable. Let g
be another function g: ) — E and assume that g is # -measurable. Is it true that g is a function of f? Namely, does a
measurable h: F — FE suchthat g = ho f exist? One expects an affirmative answer, since for g to be # -measurable,
it has to be determined by f. The answer is indeed yes, but hypotheses are needed: If (E, &) is a Polish space (or
measurably isomorphic to a Polish space), then indeed there exists such an h.

Product of measurable spaces

Definition 0.9 (Product Sigma-Algebra). Let T be an arbitrary index set. Foreacht € T, let (€2, #,) be ameasurable
space. For J C T', define the product space
Q= H Q,

teJ

andlet # ; = [[,_; &, be the product c-algebra on (2 ;, defined as the o-algebra generated by the cylinder sets of
the form [[,_; A;, where A, € 7, forallt € J and A; = Q, for all but finitely many ¢.

In the previous Definition 0.9, we restricted to a subset J C 7' so that we can also define a o-algebra on {2, (not
just on €2 ;) induced by a subset J C 7. This is the weakest o-algebra on {1, such that the canonical projection
7l Qp — Q is measurable. That is, we can consider on () the o-algebra {(7%)"1(A),A € F,}. With a
somehow confusing notation, this o-algebra is usually still denoted 7 ;.

Measures

Definition 0.10 (Measure). Let (€2, #) be a measurable space (i.e., {) is a set and F is a o-algebra on 2). A measure
pon (2,5)isafunction u : & — [0, 00| such that:

1. u(@)=o0.
2. (Countable Additivity) If (A4,,)°° ; is a sequence of pairwise disjoint setsin F (i.e., A; N A; = () for i # j), then

n(Uly An) = X070, mA)-
Atriple (2, F, u), where (€2, F) is a measurable space and 1 a measure, is called a measure space.
A measure y is a probability measure if 14(2) = 1. In such a case ({2, &, ) is called a probability space.
A measure (1 is o-finite if there exists a countable collection of measurable sets {; € F such that Q = [ J, 2, and

p(§2;) < oo.

A set function with properties similar to a measure, but defined on a collection of set which is not necessarily a
o-algebra is called a content. In the literature, this is also called a premeasure, in particular when the o-algebra is
replaced by an algebra.

Definition 0.11 (Content). Let 2 be a non-empty set and .4 a collection of subsets of Q with ) € A. Amap pu: A —
[0, o0] is an outer content if

« u(0) = 0 (or equivalently u(()) < o).
cIfA A, ..., Ay € Awith A C U | A;, then u(A) < Z?:l w(A;).

1 is a content if the last condition is replaced by the stronger



c w(Ur A) = Z?Zl p(A;) for any finite collection (A;)? , of pairwise disjoint elements of A such that
A e A
1=1*"

(1t is a o-additive content if the last condition holds on countable collections:

« (U A;) = . u(A,;) for any countable collection (A, ), of pairwise disjoint elements of A such that U, A; € A.

Proposition 0.2. Let (), F) be a measurable space, and let {1 and v be two probability measures on . If P is a m-system
suchthato(P) = F, and u(A) = v(A) forall A € P, theny = von F.

Proposition 0.2. It is easy to check that the collection of sets on which the two probability measures coincide is a
A-system. Since it contains a 7 system that generates 7, they coincide on the entire o-algebra by Theorem 0.1. [

Example 0.6. Let () = R, and let ? = {(—o0,a] : a € R}. P is a m-system. The o-algebra generated by P, o(P),
is the Borel o-algebra on R. Let £ be the collection of all subsets A C R such that A or A€ is countable or has a
countable complement. Then £ is a A-system, and ? C £. By the Pi-Lambda Theorem, () C £.

Furthermore, by Proposition 0.2, if two probability measures 1 and v on (R, B(R)) agree on all intervals of the
form (—oo, al, then 4 = v. The (cumulative) distribution function F,, of a probability measure p is defined by

F,(x) = p((—00, z]), so this shows that the distribution function uniquely determines the probability measure.

Pushforward of Measures

If (2, F) and (E, £) are measurable spaces, then a measurable f: () — F can be lifted to a linear map f; mapping
measures on §) to measures on E as

Japi=po f -
which means, for A € £
(fi)(A) == p({z € Q: f(zx) € A})
Notice that f, maps probabilities to probabilities.
Remark. If we let p(§2) be the spaces of probability measures over {2, we can consider an injectionz > Q + d,, €

©(£2), where the Dirac mass at v is defined as the probability measure §,(A) = 1,(x). The map f, then features
the following properties

" 0y = 0p(a)
c filap+ (1 —a)y) =afip+ (1 —a)f

of

Q) 5 (E)

X— Oy e— O

() f>E

We will see when discussing topologies of probabilities that these two properties characterize f; among continuous
maps p(§2) — p(E).
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Continuity of Finite Measures

Given a sequence (or a net) (A,,), we can define

@An = ﬂkelN UnZk An? h_mAn = UkEN ngki An
n

Whenever lim,, A, = lim A, we say that A, converges and denote lim,, A,, the limit. Notice that monotone
sequences converge.

Remark. Equivalently, lim,, A, is the set of points z € {2 such that 2 € A,, for infinitely many n. lim A, isthe set
of x € Qsuchthatx ¢ A, for finitely many n.

Proposition 0.3. Let (2, F, 11) be a finite measurable space, A,, ameasurable sequence. Itisnot hard to check thatlim A,
lim,, A,, are measurable and

limu(A,) > p(lim 4,),  Tmp(4,) < plim A,) (1)

n

In particular whenever A,, converges, lim,, i(A,) = p(lim,, A,,).

Denote now AA B the symmetric difference of A and B. Consider the equivalence relation on F given by A ~ B
whenever ((AAB) = 0. It is easily seen that, if A ~ A" and B ~ B’, then u(AAB) = u(A’AB’). Thus the
function

d,(A, B) == u(AAB)

passes to the quotient F / ~, and it is easily seen to be a distance, called the p-Boolean distance. From Equation 1,
we see that (5/ ~,d,,) is a complete metric space.

Regular Measure Spaces

Definition 0.12 (Regular Measure). Let ({2, F ) be a measurable space where (2 is a topological space. A measure
on (Q,F)is

* Outer regular if, for every A € F,
w(A) = inf{u(U) : U D A, U open and measurable}
« Inner regular if, for every A € F
u(A) = sup{u(C) : K C A, K compact and measurable}

- regular if it is both outer and inner regular. That s, for every A € F and € > 0, there existan opensetU € F
and a compact set K € F suchthat K C A C Uand u(U\ K) < e.

If €2 is a Polish space (a separable, completely metrizable topological space) equipped with its Borel o-algebra, see
Example 0.2, then every finite measure on (€2, B({2)) is regular. Similar statements hold on compact metric spaces,
and on locally compact second-countable Hausdorff spaces. More generally, every locally finite measure on a Polish
space is regular. In other words, under mild assumptions on the topology of €2, regularity of all finite Borel measures
holds.



Complete Measure Spaces

Definition 0.13 (Negligible set). Let ({2, #, 1) be a measure space. A subset A C () is called negligible if it is
contained in a set of measure (.

Definition 0.14 (Complete Measure Space). A measure space ({2, F, 1) is complete if every negligible set is mea-
surable (and has necessarily measure 0).

Definition 0.15 (Almost Everywhere Equivalence). Let (€2, F, 1) be a measure space. We say that a property holds
almost everywhere (ji-a.e., or simply a.e. when the measure is clear from context) if it holds for allw € 2 \ N,
where N is a pu-negligible set.

Two measurable functions f, g : 2 — R are almost everywhere equivalent (or y-a.e. equivalent) if f(w) = g(w)
for p-a.e. w € Q; thatis, if u({w : f(w) # g(w)}) = 0. We often treat a.e. equivalent functions as identical,
especially in the context of integration.

Proposition 0.4 (Completion of a Measure Space). Let (§2, &, i) be a measure space. Then there exists a complete mea-
sure space (2, F , 1), called the completion of (2, &, i), such that:

1. FCF.
2. i(A) = p(A) forall A € 7.
3. Forevery E € F, thereexist sets A, B € F suchthat AC E C Band u(B\ A) = 0.

Moreover, the completion is unique in the following sense: If (Q, F’, 1) is another complete measure space satisfying (1),
(2) and (3), then &’ = F and i’ = Ta.

Proposition 0.4. Define
F={EUN:E¢cF, N C Aforsome A € F with u(A) = 0}. (2)

In other words, F consists of sets that can be formed by taking a measurable set E and adding a negligible set. 7
is a o-algebra since:

1. QeFCF.
2. Let EUN € F,where E € &, N C A, and u(A) = 0. Then

(EUN)*=E°NN(E‘NA)U(E°N(A\N)) (3)

and £° N A° € & while (E° N (A\ N)) C Ais negligible.
3. Let (E; U N;); be a sequence in F, where E; € &, N; C A;, and u(4;) = 0. Then U;(E; UN,;) =
(U, E;) U (U;N,) is also in F since pu(U;4;) = 0.

We next define 77 on F by
H(EUN) = pu(E) )

for E € F and N C Awith u(A) = 0. Itis easy to see that 1 is well-defined: suppose E; U N; = E, U N,, where
E,,E, € F,N, C A;, Ny C Ay, and pu(A;) = pu(Ay) = 0. Then B, C E, U Ay, thus pu(E; \ Ey) = 0and
similarly pu(F5 \ E;) = 0. Thus

u(Ey) = p(Ey N Ey) = p(Ey). (5)

This shows that i is well-defined. Now, we show that i is a measure on .7 .

L 7u(0) = u(0) = 0.



2. Let (E; U N;); be a sequence of pairwise disjoint sets in 7. Then
(U (E; UNy)) = p(UE;) = ZM(EZ) = Zﬂ(Ez U N;). (6)

Therefore 1z is a measure. It is also clear from construction that is complete. The points (1), (2), (3) are trivial,
as well as uniqueness.

O

Compactly approximated measures
We first introduce the notion of compact class.

Definition 0.16 (Compact Class). A family X of subsets of a set {2 is called a compact class if, for any sequence (K, )
of elements of X" with N, K,, = (), there exists a finite N such that ﬂi\;l K, =0.

Remark. A well known fact in elementary topology (the finite intersection property), states that, in a Hausdorff
topological space, the collection of compact subsets forms a compact class. That is the origin of the name compact
class.

Definition 0.17. Let () be a non-empty set, .4 a collection of subsets of €2, 1 an outer content on (€2, .4) and X a
compact class of subsets of {). We say that x is compactly approximated by X if for every A € A and ¢ > 0, there
exist K, € X, A, € Asuchthat A\ K. C A_and u(A,) <e.

Example 0.7. An inner regular measure on a topological space is compactly approximated by the collection of com-
pact sets, see Definition 0.12.

Lemma 0.1. A compactly approximated (by some compact class K') outer content is continuous at 0. Namely, if A,, € A
is a decreasing sequence with N, A,, = (), thenlim,, u(A,,) = 0.

Lemma 0.1. Fixe > 0,andlet K,, € X and B,, € Abesuchthat K, C A,, A, \ B, = 0 and u(B,,) < e27".
Then N, K, C N, A, = 0. Thus for some finite N, NY_, K, = (). Therefore

AN N (ngan)c = mfzvzl(An N sz) C mrly:1<An N <A7cl U Kn)) C mN 1K = @

Namely A, C UN_, B, and since p is an outer content

N
p(Ay) < (B
n=1

Extension Theorems

In this section we briefly described some results that easily allow us to define measures on a space, by only defining
their values on a specific class of sets. Let us consider the following problem:s.



« We want to define a measure on R. The most intuitive approach would consist in defining its values on intervals
such as (a, b] (for o-finite measures) or (—o0, a] (for finite measures, since the measure of this interval could
be identically co for non-finite measures). Would these values ‘be enough’ to characterize the measure on
the whole o-algebra they generate? Caratheodory’s Extension Theorem Theorem 0.4 answers this question
(positively).

« We want to define a measure on functions, say on the space EN = {X : N — E}. Certainly we need to
know the measure of sets of the form {X € EN : (X; € A;, X, € A,,..., X, € A,))}. Since these sets are
charaterized by finitely many conditions X, € A,, in many cases their measure can be described explicitely.
If we know the measure on sets of this form, can we extend it to a measure on the whole product o-algebra of
E™? Kolmogorov’s Extension Theorem Theorem 0.5 answers this question (positively under mild conditions).

Caratheodory’s Extension Theorem

@ Takeaway of Section
In order to define a measure ; on a measurable space (2, &) it is enough to define:

* A quasi semiring &, that generates the o-algebra 7.
* A content p on &, that identifies ;1 on the quasi semiring.
+ A compact class X on (2, that compactly approximates fi, on §.

Moreover if 11, is o-finite on &, the measure p on (2, &) that coincides with yi, on § is unique.
Examples: (2 = R, 7 isthe Borel o-algebra, S is the collection of intervals (a, b], X is the class of compact sets
(or simply compact intervals).

Definition 0.18 (Quasi Semiring). A quasi semiring of sets § on a set € is a collection of subsets of ¢ that satisfies:

1. 0es.
2. If A, B € &, than both A N B and A N B¢ are finite disjoint unions of elements of §. Namely there exist
pairwise disjoint sets By, ..., B,, and pairwise disjoint C', ..., C,, € Ssuchthat ANB = U,;B,;, AN B° = U,C,.

Theorem 0.4 (Caratheodory’s Extension Theorem). Let § be a quasi semiring of subsets of §2, and let piy : S — [0, 0]
be a o-additive content, see Definition 0.11. Then there exists a measure (i (called the extension of (1) on o(8) such that
p(A) = pug(A) forall A € 8. If ug is o-finite, then the extension is unique.

Theorem 0.4. We give a sketch of the proof, which can be found in (Patriota 2011).

1. Outer content. For any E/ C (2, define the outer content

p(E) = inf{z po(A;) | A; €8, EC UfO1Ai} : )
i1

where the infimum of the empty set is understood to be +oo. It is easy to see that p*(()) = 0, and that p*
is monotone, namely p*(A) < p*(B) if A C B. We next show that u*(F) < Z:;l w*(E,, ) (subadditivity).
Let £ = UZO:1 E, . Without loss of generality, assume that u*(E,,) < oo for all n. Fix ¢ > 0. For each n,
there exists a sequence (A,, ;);c in 8 such that E,, C U;A,, ;and Y y(4,, ;) < p*(E,) + 27" 'c. Then
EcCu,U; A, so

p(E) <Y ZMO(An,i> <D (W(E)+2 ) =) wi(E,) +e ®)



2. The o-algebra 7 *. Define the collection of sets
F={ECQ:u"(A)=p"(ANE)+pu (ANE°),VA CQ} )

Since p* is subadditive, in the last formula the equality can be equivalently replaced with p*(A) > p*(A N
E) + p* (AN E°). Itis then an elementary task to check that * is a o-algebra.

3. F* D &. First notice that, in the Equation 9, the covering A, can be taken to be disjoint. With this in mind,
one can prove that for u*(A) = p*(ANE) + p* (AN E¢) forall A € Qand F € S.

4. u* restricted to 7 * is a measure. We skip the proof of this lengthy but elementary check.

5. Extension existence. Since " is a measure on the o-algebra F* containing &, it induces a measure on o (S5).
We need to show p*(S) = po(S) forall S € §. Clearly, u*(S) < py(S) by definition, while we skip the
elementary but lengthy prove of the opposite inequality.

6. Extension uniqueness. Assume /i is o-finite, with Q@ = U ,Q , Q€ §increasing, and 0 < p(Q2,,) <
oo. Let p and v be two extensions of j, to o(8). Since § is a qm-system, p and v coincide on 2,,, namely
wANQ, ) =v(ANQ,) for A € 0(8), in view of Theorem 0.1. Since we assumed the {2,, monotone, one
then deduces the equality taking the limit in n.

O

Remark. Itis worth noting that for the uniqueness of the extension, it is necessary that j4 is o-finite. It is not enough
(for uniqueness) that an extension of 1, is o-finite.

Proposition 0.5. If a content i on quasi semiring & is compactly approximated, then it is o-additive.

Proposition 0.5. Supposethat A,,..., A, € 8, By,..., B, € &8, are two pairwise disjoint collections of elements of
& such that A := U;A; = U;B;. Then C, , := A; N B, can be written as a disjoint union of K, ; elements C; ; , of
8. Therefore, since p is additive

ZM(Ai) = Z ZM(Ci,j,k) = ZM(BJ') = p(A)
i i,j k J

This allows us to consistently extend zi(-) to a content on the collection $ of disjoint unions of elements of 5. We
can define an outer content ;* on the collection &* of finite (possibly non disjoint) unions of elements of &, as in
Equation 7. We have already remarked in the proof of Theorem 0.4, that in Equation 7 we can restrict to pairwise
disjoint A;, see (Patriota 2011, Proposition 1.1), therefore u*(A) = u(A) for A € §*.

It is easy to check that ;* on §* can be compactly approximated (see (Bogachev 2007 Proposition 1.12.4)). From
Lemma 0.1, p* is continuous at 0 in §*.

Letnow A, € & be a pairwise disjoint sequence such that U, A, =: A € §. Then U
AN A$isin 8" since § is a quasi semi-ring. Therefore U, , A, € §* and

A; = U, (AN AF) and each

>n

>n

1(Uiz14;) = 1 (1(Uin14;)) < pt(Uisr 4y) + 17 (Ui 4) = 00 (Uinn 4;) + Z 1(Ui<nA;)

and p*(U;-,,4;) = 0asn — oo. O
Example 0.8 (Lebesgue measure). On {2 = R, consider the semiring A of intervals [a, b), and the content A([a, b)) =
b — a. Then A is compactly approximated by the compact class of finite closed intervals, thus it is o-additive on A

by Proposition 0.5. By Theorem 0.4, A extends uniquely to a o-additive measure A
Recalling Proposition 0.4, the completion of the Borel o-algebra w.r.t. A
completion A of Ay, is called the Lebesgue measure.

Borel ON1 the Borel o-algebra of R.
is called the Lebesgue o-algebra; the

Borel



Kolmogorov’s Extension Theorem

@ Takeaway of Section

If we want to define a probability measure on a space of functions or sections, it is enough to define its finite-
dimensional projections, provided these projections are regular enough (compactly approximated). This is a
minimal requirement which always holds on reasonable topological spaces, like Polish spaces.

Kolmogorov’s Extension Theorem provides conditions for the existence of a probability measure on an infinite prod-
uct space, given a consistent family of measures on finite-dimensional projections.

Theorem 0.5 (Kolmogorov’s Extension Theorem). Let T be an arbitrary index set. For eacht € T, let (0, F,) be a
measurable space. For J C T', define the product space

Q;=J] (10)

teJ

and let & ; be the product o-algebra on (2 ;, see Definition 0.9. For subsets I C J C T, let 7] : Q; — 2 denote the
canonical projection map.

Suppose that for each finite subset J € 'I', we are given a compactly approximated (see Definition 0.17) probability measure
pyon (2, F ;). Then the following are equivalent

+ The consistency condition holds, namely for any finite subsets | C J € T

pr = (mf)pny, (1)

where (%), 11 is the pushforward measure defined by (7). 1) (A) = po (7€)1 (A)) for A € F p.

« There exists a (necessarily unique) probability measure 11 on the product space Qp := [ | ter Q, such that

py = (7). (12)
for all finite subsets J € T'.

Remark 0.1. The consistency condition is clearly necessary for the existence of a measure p on {2 satisfying Equa-

tion 12. Indeed its pushforwards (yp) pep defined by the canonical projections trivially satisfy Equation 11, since

Fo T _ T
T © Ty = ¢ and therefore

pp = po (ng) "t = pe (mp) o (E) = pg o (nF) (13)

The theorem thus states that the compactly approximated condition implies the opposite implication.

Theorem 0.5. Let X be the semiring of subsets of {2 of the form

HAtx H Q,

teJ teT\J

for any finite J € T and (4, € F,);c;. We define a set function 1z on R by 1(C%) = 1 ;(B). The consistency
condition ensures that y is well-defined and that p is a content, see Definition 0.11 on X.

Let X be the collection of subsets of {2 of the form

HKtx H Q,

teJ teT\J



for any finite J € T and (K, € X,),c;. X is easily seen to be a compact class, see Definition 0.16. Moreover i is
compactly approximated by X" on R. By Lemma 0.1, s is continuous at 0 on X. This in turn yields that y is o-additive
in view of Proposition 0.5. Since X is a semiring, and thus a quasi semiring, we conclude by Theorem 0.4. O

Integration and Lebesgue Spaces

@ Takeaway of Section

Measure-theoretic integrals provide a general definition that includes sums, series, classical Riemann integrals,
expected values of random variables, and more. It works as one would expect, that is like elementary sums
(e.g. it is linear, monotone). The precise mathematical characterization however, allows us to be very precise
with convergence, see Theorem 0.12.

Measure-theoretic integral

Let (2, ), u be a measure space and let f: 2 — [0,00). If f = Zj a;1 4, takes finitely-many values ay, ..., a

) n?
respectively on the measurable sets A, ..., A, then f is called simple or discrete. For such functions we set

uh)= [ fdp =3 an(a;)

p(f) is easily seen to depend on f and not on the values (a;) and measurable (A;) used to represent it as a sum.

For any (not necessarily simple) function f: Q — [0, cc], we have two reasonable definitions for the integral of f
with respect to i

ul(f) = /Q f(@) du(w) = sup {ulg) : g < f,g simple} 19
u(f) = /Q f(z) du(z) = inf {u(g) + g > f. g simple} (1s)

Definition 0.19 (Integral). If f: Q2 — [0, oo] is measurable the r.h.s. of Equation 14 and Equation 15 coincide (as can
be easily checked), and the quantity u( f) is called the integral of f with respect to .

If f = f* — [~ is not necessarily positive, one then sets u(f) = u(f) — pu(f~), provided the two integrals are not
both +o0.

If (| f]) < oo, fis called p-integrable, or integrable if the measure p is understood from the context.

It is immediate to verify that the integral is

» linear: p(a f + g) = ap(f) +g.
« monotone: if f > gthen u(f) > p(g).
- compatible with the yi-a.e. equivalence relation: if f = g p-a.e. then u(f) = u(g).

The notation u( f) is particularly useful to stress the linearity of the operation, as in some context measures and
functions are in duality. Notice that the integral may be 400 even if f is finite.



Example 0.9. If () is a countable space endowed with the discrete o-algebra (or more in general if the measurable
space (2, &) has at most countably many atoms), then the integral writes as a (possibly finite, at most countable)

p(f) =Y fla)u({z})

e

Example 0.10. If Q = R, y is the Lebesgue measure and f is Riemann integrable, then u(f) = [ f(x)dx coincides
with the classical Riemann integral.

Theorem 0.6 (Fubini’s Theorem). Let (£2y,F 1, itq) and (24, F o, l15) be two o-finite measure spaces, and let (£, x
Qy, F1 @ F o, iy ® [15) be the product measure space. Let f: ; x Qy — R be a measurable function.

If f is integrable le <0, |f|d(1y @ py) < 00 then the iterated integrals are equal to the integral over the product space:

/91 (/Qz f(z,y) duz(y>) dpy(z) = /Q2 </91 f(z,y) dul($)> dus(y) = AXQQ Flz,y) d(pg & po)(x,y)

Lebesgue spaces

Let (2, F, u) be a measure space. For p € (0, 00|, the quotient space (here ~ denotes the a.e. equivalence Defini-
tion 0.15)

LP(Q, 7, p) = {f:Q—HRmeasurable : /|f|pd,u<oo}/w, p <
L>(Q,F,pn) :={f: Q@ — Rmeasurable : 3C >0 : |f| < C p-ae.}/ ~, p = 00

is called the Lebesgue space with exponent p.
Proposition 0.6. For p € [1,00], LP(Q), F, 1) is a Banach space when equipped with the norm

1/p
oo = ([ 11Pdn) . p<so
[flo~ =inf(C 20 ¢ 7] < Cpae), p=ox

Moreover if ju(€2) < 00, || f][poe = limy,_, oo [ f] -

Decomposition of Measures

@ Takeaway of Section
If 11 is a reference measure on a measurable space, we can decompose any other measure as follows.
v=op+v’

where v/° is singular with respect to y, in other words v only weights sets of -measure 0. While op should be
interpreted as in Equation 16.




Definition 0.20 (Absolutely Continuous and Singular Measures). Let (€2, F) be a measurable space. A measure v
is said to be absolutely continuous with respect to a measure p (denoted v < p) if forevery A € F, u(A) = 0
implies v(A) = 0. If v < pand < v, namely if they have the same sets of ) measure, they are called equivalent.

On the opposite side, ;1 and v are mutually singular (denoted ;1 | v) if there exists aset A € F such that u(A) =0
and v(A°) = 0.

Remark. On R with the Borel o-algebra, a measure v is absolutely continuous with respect to Lebesgue measure 1

if and only if for every ¢ > 0, there exists § > 0 such that for any finite collection of disjoint intervals (a,, b;) with

>.;(bj—a;) < d,wehave ) v((a;,b;)) < e. This corresponds to the elementary notion of absolute continuity for
functions.

Let (2, F, u) be a o-finite measure space, and p: 2 — [0, 00| is measurable, then the function
v(A) = / odu, Aed (16)
A
is a measure ({2, &), as can be easily checked using the monotone convergence Theorem 0.10. It satisfies

/ fdv = / fodu  f >0, measurable (17)
This measure is denoted by v = g or, in view of Equation 17, the notation dv = pdu is also used.

Theorem 0.7 (Radon-Nikodym derivative). Let (£2, &, uu) be a o-finite measure space, and let v be another measure on
(2, F). The following are equivalent

* v is absolutely continuous with respect to i, Vv << L.
* There exists a measurable function o: 2 — [0, 00| such that v = pp, namely Equation 16 holds.

The function o is called the Radon-Nikodym derivative of v with respect to i, and is denoted by g—;, and it is unique up to
{i-a.e. identification.

Moreover, if any of the two equivalent conditions above holds, the following are also equivalent

* 0 s finite, namely takes values in [0, 00) (up to its irrelevant definition on a p-negligible set).
* V1S o-finite.

Finally, for o-finite measures v << 1 << A, the chain rule holds

dv _dvdp "
d\  dpdA

Theorem 0.7. We give a short sketch of the proof, we refer to (Bogachev 2007, 3.2; Conway 2012, 113) for the interested
reader. If v = pp, then certainly ¥(A) = 0 whenever u(A) = 0. So we only need to prove that, if v < pu, there
exists o such that v = pu. We can also restrict to the case where . is finite, since one can prove the theorem for the
restriction of i to sets of finite measure, and get the o-finite case as an immediate consequence. We also restrict to
v being finite for the sake of simplicity.

Consider the set £ := {f € L%(Q, u) : fu < v} and define

o(x) = sup f(x)
fe€

€ is non-empty since the zero function is in £. Moreover if f;, f, € &, then max(f;, f) € £. From this, one can
deduce that g € &. Therefore one only needs to check that g (A) — v(A) > Oforall A € F, to conclude. O



Theorem 0.8 (Lebesgue Decomposition Theorem). Let (2, F, 1) be a o-finite measure space, and let v be another o-
finite measure on (2, & ). Then there exists a unique decomposition v = v, + v,, where v, and v, are o-finite measures
on (2, F) such that v, < p (absolutely continuous) and v, L u (singular).

Theorem 0.8. Since v and p are o-finite, so is v 4+ . Moreover, p << v + . By the Radon-Nikodym theorem, there
is a measurable function p such that

N(A)=/@d(V+u), VAe T (19)
A

Let B = {w: p(w) = 0} and define v, and v, by
Voo(A) = v(AN B°), v (A)=v(ANB), VAe F (20)

Clearlyv = v, + v, and v,(B¢) = 0 and u(B) = 0. That is v, and . are singular.
Let now A be such that ;i(A) = 0. Then

0=u(AnB,) = |

hd(v + p) > / hdv
AnBe

ANBe
Since h > 0 on B¢, necessarily (A N B¢) = 0. Namely v, < p.

To show uniqueness, suppose v = v, + v, is another such decomposition. Thenv,,, —v,. = v, —v,. The left-hand
side is absolutely continuous with respect to p, while the right-hand side is singular with respect to p. The only
measure that is both absolutely continuous and singular with respect to p is the zero measure. O

Convergence results

Considering o-additivity measures is a strong restiction when compared to just additive measures. The reason for
developing such a theory lies in the ensuing powerful results about convergence.

Definition 0.21 (Convergence of measurable functions). Let (2, F, 1) be a measure space and let (E, d) be a metric
space (equipped with its Borel o-algebra). A sequence (or net) ( f,,) of measurable functions f, : 2 — E converges

to f
. p-a.e. if f, (x) — f(z) outside a set of measure 0. Namely
p(fw e Qs Tmd(f, (o), f(x) # 0}) = 0
« in y-measure if for each e > 0
fimp ({x € @ + Tmd(f, (). /(@) > e}) =0
- in LP(Q, F, p) if

lim / d(f,(x), f(x)Pdu(z) = 0

Theorem 0.9. Let (0, F, 1), (E,d) f,, f asin Definition 0.21. The following holds

< If f,, = f p-a.e, then f,, — f in measure.
« Iff,, = fin LP, then f, — f in measure.



* If f,, = [ in measure, then there exists a subsequence f,, that convergesto f i-a.e..
* If f,, = [ in LP, then there exists a subsequence f,, that convergesto f p-a.e..

Theorem 0.10 (Monotone Convergence Theorem). Let (€2, F, i) be a measure space. If ( f,,)>° , is a sequence of non-
negative measurable functions such that f, (w) 1 f(w) for p-a.e. w € Q, then [ f, du 1t [ fdpu.

Theorem 0.11 (Dominated Convergence Theorem). Let (£, F, (1) be a measure space. If ( f,,)°° ; is a sequence of mea-
surable functions such that f,, (w) — f(w) for p-a.e. w € Q, and there exists an integrable function g (i.e., [ |g] du < o)
such that | f,,(w)| < g(w) for all n and p-a.e. w, then [ f, dp — [ fdp.

oo

Theorem 0.12 (Vitali Convergence Theorem (finite measure)). Let (2, F, i) be a finite measure space, and let ( f,,)5° ;

be a sequence of functions in LP(Q, F, ) for 1 < p < co. Then, f, convergesto fin LP(Q, F, u) iff

* The sequence ( f,,) converges in measure to f.
* The sequence (| f,,|P) is uniformly integrable:

M—o00 p

lim sup/ |f|Pdp =0
|fn|=M

Theorem 0.13 (Vitali Convergence Theorem (general measure)). Let (2, &, 1) be a measure space, and let (f,,)>° ; be
a sequence of functions in LP (2, F, u) for 1 < p < oc. Then f,, convergesto fin LP(Q, F, u) iff:

« The sequence ( f,,) converges in measure to f.
« The functions (| f,,|F) are uniformly integrable.
« For every e > 0, there exists a set E of finite measure, such that [, |f,|P < € for all n.

Theorem 0.14 (Borel-Cantelli Lemma). Let (2, &, 1) be a measure space, and let (A,,) be a sequence of measurable sets.
If Zzozl w(A,,) < oo, then the measure of the limsup of the sets is zero:

(rmsea) = (7 0 4) -0

n—o0 m=1n=m
This means that the set of points that belong to infinitely many A,, has measure zero.
Bogachev, Vladimir I. 2007. Measure Theory. Springer.
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