Martingales

We briefly recall some basic properties and inequalities concerning martingales.

Definitions

Definition 0.1 (Filtered space). Let O be a partially ordered set and ({2, F') a measurable space.

A filtration on (2 indexed by O, is an increasing collection (F ;g );ce Of sub-o-algebras of F. Namely for any s, ¢ €
O with s < ¢, 7, C F,. Afiltration is separable’ if there is a countable set ©" C © such that ', = N g/ T
forallt € ©.

The triple (2, 7, F ;o) is then called a filtered space.
If P is a probability on (Q2, ), (2,7, (F,),co, P) is called a filtered probability space. It is a complete filtered
probability space if (2, 7, P) is complete for every t € O.

Definition 0.2. Let (2, 5, (¥ ,),co) be a filtered space, S a measurable space and X = (X,),cg a collection of
measurable maps X, : 2 — S. X is adapted to F, if X, is F ,-measurable for t € O. The natural filtration 7} of
X is the weakest filtration X is adapted to.

Definition 0.3 (Martingale). Let (2, F, 5, o) be a filtered space, and for ¢ € O let M, be a real-valued random
variable M, : ) — Rwith M, € L'(P), namely E[|M,|] < oo, fort € ©.

For P a probability on (2, 5),M = (M,),ce is

« a P-submartingale if E[M, | ] > M, for s,t € © with s < t.
+ a P-supermartingale if E[M, | ] < M_, for s,t € © with s < ¢.
+ a [P-martingale if it is both a supermartingale and a submartingale, namely if E[M, | | = M, for s,t € ©.

If P is understood from the context, then it is usually omitted in the notation, for instance a P-martingale is just
called martingale in this case.

Example 0.1. Let (X;);.; be a sequence of independent real-valued integrable random variables, and F,, :=
o(Xy, ..., X,,) be the smallest o-algebra such that (X1, ..., X,,) is measurable.

'When © is a totally ordered, separable space, in particular when © C R, a separable filtration is also called right-continuous. Indeed in
this case one usually introduces the right-augmented filtration

Fi=nN,..F

s>t s

and separability is equivalent to F, = F .



Then M, := Z:L: X, is a submartingale iff E[X;] > 0 for alli > 1, a supermartingale iff E[X;] < 0 for all i. And
thus a martingale iff E[X;] = O for all 4. Indeed, for k < n, using independence

E[M,, | Fy) = E[M), + (X1 + .. X)) | (Xp, 00, X)) == My + > E[X]]
i=k+1

So for instance if the expectations are non-negative, M, is a submartingale. On the other hand, if M, is a submartin-

gale, then one needs E[X,] > 0 foralln > 1, taking k = n — 1 above.

Remark 0.1. M, € L'(P) is a martingale w.r.t. a given filtration iff it is a martingale w.r.t. its natural filtration,
namely iff E[M, | (M,.),<,] = M, fors <.

Remark 0.2. If f: R — R is convex (concave) and M, is a submartingale (supermartingale), then f(M,) is a sub-
martingale (supermartingale), provided f(M,) € L'(P). This is a consequence of Jensen inequality. In particular
linear combinations of martingales are martingales.

Remark 0.3. If © = N (or any other countable set), the filtration is automatically separable, and a martingale
(sub/supermartingale) (M) is called a discrete martingale (sub/supermartingale) in this case.

Remark 0.4. If © = [0, 00) (or some other real interval), the filtration is separable iff
?s = ?-s‘r = ﬁt>83~t

since we can always take the intersection on the rational numbers. In this case, the filtration is usually
called right-continuous. A martingale (sub/supermartingale) (M, ),> is called a continuous-time martingale
(sub/supermartingale) in this case.

If (M,,) is a discrete martingale (sub/supermartingale) on a discrete filtered space (2, ), (2, F, (F ) nen, P), we
can define for ¢t € [n,n + 1):
?t = ”rfn Mt = Mn

to get a continuous-time martingale (sub/supermartingale). So the theory for continuous-time martingales covers
indeed the theory for discrete martingales.

Continuous-time martingales and Stopping times
Doob convergence Theorem

For a real number a € R, we use the notation a™ := max(x,0), a~ := max(—a,0), sothata = a* — a~ and
la| = a® + a~. For X := (X,),cg we also write

X;i=1lim X, X, =limX,
slt sTt

and we define the random sets?

I"=I.X):={teR: X, =X}, I =I"X):={teR: X, =X, }

Theorem 0.1. Let X := (X, ),cp be a continuous time supermartingale such that

@[E[X;] < 00 1)

%to be precise, in the notation X, = X, we mean that the limit must exist and equal X, or equivalently mm | X, — X,|=0.
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Then X, admits left and right limits, with probability 1:

P(X,:, X, existforallt) =1

Moreover there exists a random variable X € L () such that

lim X, =X as

t—oo,tel Ul_

In particular, under Equation 1, a right-continuous (or left-continuous) supermartingale admits an a.s. limit.
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